Kleitman's conjecture concerning the "Kleitman-West problem" is false for 3-element subsets.
The problem
We are concerned here with the graph G = G n,k = (V n,k , E n,k ), where V n,k =
[n] k and E n,k = {A, B} : A, B ∈ V n,k with |A ∩ B| = k − 1 .
For any set of vertices A ⊂
[n] k we introduce the set of boundary edges B(A) = {A, B} ∈ E n,k : A ∈ A and B ∈ A c , (
where
A is the complement of A.
The edge-isoperimetric problem consists in determining for every positive integer N the quantity
and the corresponding optimal configurations.
The problem was stated in [2] and analyzed there for k = 2. It is known as the Kleitman-West problem (see e.g. pages 60-61 of [6] , pages 370-371 of [7] and page 1298 of [3] ; Larry Harper [5] gave it this name, because West told him that he had heard it from Kleitman).
The conjecture
First observe that instead of considering the boundary of A one can look at the inner edges of A and define
because by regularity of the graph G we have
Finally, by complementation in [n]
Therefore it suffices to consider k ≤ n 2 . Now, Kleitman wrote in [7] , pages 370-371, (where his w, X , and S are our N , A, and
): "There is an obvious conjecture: Suppose 2k ≤ n; if w ≤ n−1 k−1 take only sets containing the first element; if
take all sets containing the first element. Since the condition is symmetric between X and S X and hence between w and n k − w, this construction handles one element completely; leaving a problem that can be handled recursively by the same construction on the remaining n − 1 element set. The proposed optimal configurations do not "nest" inside one another here, which interferes with many methods of proof." The same conjecture can be found also in [6] and [3] .
Remark: For k = 2 the conjecture is true by Theorem AK, the main result of [2] .
An auxiliary result
The Lemma below can be found as Theorem 1 in [1] and was obtained independently, but earlier, in [4] . Still, we prove it, because the arguments are short.
Denote by L(n, k) = (S n,k ; ≤) the lattice defined by
, with elements labelled in increasing order, correspond to x k = Φ(A) = (x 1 , . . . , x k ) ∈ S n,k , and similarly,
Using for A and 1 ≤ i < j ≤ n the following "pushing to the left" or so-called switching operator S i,j , which is frequently employed in combinatorial extremal theory,
one can prove by standard arguments that for every fixed N there is an A ⊂
[n] k , |A| = N , which is left-compressed (that is stable under all switching operations) and satisfies |I(A)| = i(N ). It is also easy to see that such left-compressed families correspond to downsets in L(n, k).
Lemma. For fixed
, |A| = N , is equivalent to finding a downset W in L(n, k) with |W | = N and maximal W .
Proof: Assume that A ⊂
[n] k , |A| = N , and W = Φ(A) is a downset in L(n, k).
For every x k ∈ W there are exactly 
B's with Φ(B) = y k ≤ x k , {A, B} ∈ E n,k , and with Φ(B) ∈ A, because Φ(A) is a downset. Consequently
Thus the Lemma follows, because A can be assumed to be left-compressed.
4 A counterexample for k = 3
, and let n be sufficiently large. Then the conjecture gives a configuration A = A 1 (A 2 ∪ A 3 ), where
and where W = Φ(A) = S 1 (S 2 ∪S 3 ), with S 1 = Φ(A 1 ) = (x, y, z) ∈ S n,3 : x = 1, 2 ,
. It is obviously better than the other candidate given by the conjecture (of "complement form" but with the same cardinality) when n is large enough (c.f. Theorem AK and the Lemma). On the other hand, we define A ′ = A 1 (A 2 ∪ A ′ 3 ) for A ′ 3 = {1, 2, n}, {1, 3, n}, {1, 4, n}, . . . , {1, n − 2, n}, {1, n − 1, n} . Then Φ(A ′ ) is a downset in L(n, k) and for W ′ = Φ(A ′ ) and S 
